We present an algebraic approach for finding exact solutions of the wave equation. The approach, which is referred to as the Tridiagonal Representation Approach (TRA), is inspired by the J-matrix method and based on the theory of orthogonal polynomials. The class of exactly solvable problems in this approach is larger than the conventional class. All properties of the physical system (energy spectrum of the bound states, phase shift of the scattering states, energy density of states, etc.) are obtained in this approach directly and simply from the properties of the associated orthogonal polynomials.
I. INTRODUCTION
A full understanding of the features and behavior of a physical submicroscopic system requires knowledge of the exact solution of the corresponding wave equation. This is especially evident when the system is in a critical state such as at phase transitions, singular limits, strong coupling, or when the physical parameters assume critical values, etc. In such circumstances, one may not be able to achieve full or correct understanding of the system by using numerical solutions. Now, since most of the quantum mechanical systems and physical processes are modeled by potential functions, then exact solutions of the wave equation with as many potential functions as possible remained as one of the prime challenges since the early inception of quantum mechanics. Additionally, exact solutions could also be used to test the accuracy and convergence of computational routines that were developed to obtain numerical solutions for complicated physical systems. Nonetheless, the class of exactly solvable potentials for a given wave equation (e.g., Schrödinger equation, Dirac equation, etc.) is indeed very limited. In the physics and mathematics literature, the potential functions in this class are well known and their exact solutions are well established. For example, the class of exactly solvable potentials in the nonrelativistic Schrödinger equation includes the Coulomb, harmonic oscillator, Morse, Pöschl-Teller, Scarf, Eckart, etc.
Several methods for obtaining exact solutions of the wave equation were developed over time. Most agree very well in their exact results but differ in accuracy and convergence when used to obtain approximations or numerical solutions of problems that are not exactly solvable. Among these methods, we mention supersymmetry [1] , shape invariance [2] , group theory [3] [4] [5] , factorization [6, 7] , asymptotic iteration [8, 9] , point canonical transformation [10] , path integral [11] , Nikiforov-Uvarov [12] , etc. Some of these are equivalent to each other but most (if not all) address the same class of exactly solvable potentials. Moreover, some are analytic methods while others are algebraic. The latter are usually preferred in numerical calculations especially if the former causes instabilities. The Tridiagonal Representation Approach (TRA) was introduced in 2005 to obtain exact solutions of the wave equation [13] . It is an algebraic method based on the theory of orthogonal polynomials and was inspired by the J-matrix method [14] . It has been applied to relativistic as well as nonrelativistic problems and in several spatial dimensions with separable potentials. The class of exactly solvable potentials in the TRA turns out to be larger than the conventional class. It includes new potential functions and generalizations of known ones. These potentials correspond to orthogonal polynomials that were not treated in the mathematics literature before. As an example of such potentials, we mention the infinite square potential well with sinusoidal rather than flat bottom. Another example, is a generalization of the hyperbolic Pöschl-Teller potential obtained by adding a term of the form 2 2 tanh ( ) cosh ( ) x x . A partial list of these new or generalized potentials is given in Table 1 of Ref. [15] . Some of these new solutions lead to interesting applications in atomic, molecular and nuclear physics. As examples, we mention the anion problem where an electron becomes bound to a neutral molecule with an electric dipole moment [16, 17] , the binding of a charged particle to an electric quadrupole in two dimensions [18] , energy density bands engineering [19] , electric dipole and quadrupole contributions to valence electron binding in a charge-screening environment [20] , etc. In applied mathematics, the TRA was also used to obtain series solutions of new types of ordinary differential equations of the second order with three and four singular points [21] [22] [23] . In the following section, we start by introducing and formulating the TRA and explain its two working modes.
II. FORMULATION OF THE TRA
The general spectrum of a quantum mechanical system is a mix of continuous and discrete energy states. The complete space-time wavefunction that represents such a system could be written in terms of its continuous and discrete Fourier components, in a standard notation, as follows
where  is the set of continuous scattering energy interval(s) and   k E is the countably infinite or finite set of discrete bound state energies. The continuous and discrete wavefunction components ( , ) E x  and ( ) k x  could be considered as elements in an infinite dimensional vector space spanned by the basis vectors   ( ) n x  . In physics, we are accustomed to writing vector quantities (e.g., force, velocity, electric field, etc.) in terms of their components (i.e., projections on some conveniently chosen basis unit vectors in the space). For example, the force F  is written in three dimensional space with Cartesian coordinates as ˆˆx
f f f are the projections of the force along the unit vectors  ˆ, , x y z . These projections contain all information about the physical quantity whereas the unit vectors (basis) are dummy, but must form a complete set to allow for a faithful representation of the vector quantity. In analogy, we write the wavefunction components ( , ) 
where ( , ) y t  is the conjugate wavefunction, which is obtained from (1) 
where we have written, in anticipation of future convenience,
Consequently, the completeness of the basis, which reads ( ) ( ) (
This could always be reparametrized and rewritten as follows: An example of orthogonal polynomial with purely continuous spectrum is the MeixnerPollaczek polynomial whose discrete version is the Meixner polynomial (or Krawtchouk polynomial) with infinite (or finite) discrete spectrum [24] . Moreover, an orthogonal polynomial with a mix of continuous and discrete spectra whose generalized orthogonality relation has the same structure as Eq. (5) is the Wilson polynomial [24] . It is evident that if the system represented by the complete wavefunction ( , )
x t  possesses only continuous energy scattering states, then the sum part of the orthogonality relation (5) disappears. However, if the system consists only of discrete energy bound states then the integral part of the orthogonality relation (5) disappears. These findings are supported by studies that established the connection between scattering theory and orthogonal polynomials [25] [26] [27] and by the recent extensive work on the formulation of quantum mechanics based on the theory of orthogonal polynomials (see, for example, Ref. [15, [28] [29] [30] ).
The well-established connection between scattering and orthogonal polynomials dictates that out of all orthogonal polynomials that satisfy the above requirements, the physically relevant ones that enter in the expansion of the wavefunction (6a) are those with the following asymptotic ( n   ) behavior
where  and  are real positive constants that depend on the particular energy polynomial. In most cases, either ( ) 0 z
The studies in [15, [25] [26] [27] [28] [29] [30] The main task in the TRA is to find the energy polynomials with continuous and/or discrete spectrum associated with the given physical system because (as noted above and restated here for emphasis) all physical information about the system are obtained from the properties of these polynomials. There are two working modes of the TRA. In the first one, a potential function that models the given system is provided and the TRA is used to obtain the corresponding exact solution (i.e., the orthogonal energy polynomial). In the second mode, a general physical configuration is given and the TRA is used to obtain the class of all exactly solvable potential functions that are compatible with the configuration. For the first mode, we search for a complete square integrable basis set   n  that satisfies the boundary conditions and 6 supports a symmetric tridiagonal matrix representation for the wave operator with the given potential. There is no prior guarantee that the task will be successful, but if it is, then we derive or identify the orthogonal polynomial that satisfies the corresponding three-term recursion relation. On the other hand, for the second mode we start by choosing a proper general basis that is compatible with the given physical configuration then compute n m   and the matrix Subsequently, all properties of the physical system corresponding to a given potential function in the class are derived from the properties of the associated orthogonal polynomial. For example, we can use the asymptotics formula (11) to obtain the scattering amplitude and phase shift for the continuum scattering states as well as the energy spectrum for the discrete bound states. For clarity and simplicity of the presentation, we leave out details of the calculation but interested readers can find such details in [21, 31] .
We should note that all new and generalized potential functions that are solved exactly using the TRA but have no exact solution using the conventional methods correspond to orthogonal polynomials that are either new or modified/generalized versions of known polynomials. Most of these polynomials were not studied in the mathematics literature and some still constitute an open problem in orthogonal polynomials [32, 33] . In such cases and due to the absence of the analytic properties of these polynomials (such as the weight function, asymptotic formula, etc.), we are forced to resort to numerical means to obtain the physical properties of the system.
In sections III, we present an example of how to use the TRA in the first mode of its application and obtain an exact solution for a conventional potential function (the Coulomb). For simplicity, we consider only scattering where the energy spectrum is purely continuous. In section IV, we obtain a solution of a non-conventional potential with purely discrete energy spectrum: the infinite square well with sinusoidal rather than flat bottom. In section V and for the more advanced readers, we present a system with mixed spectrum consisting of continuous scattering states and discrete bound states. In Appendix B, we present an example of how to use the TRA in the second mode of its application and obtain the class of all exactly solvable potentials corresponding to a given physical configuration. Some of these systems are exactly solvable only by using the TRA.
III. TRA SOLUTION FOR A CONVENSIONAL POTENTIAL FUNCTION
To ease the way into the TRA, we start by showing how the approach could be used in its first mode of application to obtain the exact solution of a well-known problem; the continuous energy scattering states of the Coulomb problem with ( ) V r Z r  , where the electric charge number Z is positive. In the atomic units 
7
where  is the angular momentum quantum number. This equation has a regular singularity at 0 r  and an irregular (essential) singularity at infinity. Using this fact and that 0 r  , the analysis in Appendix A shows that a proper choice of a complete set of square integrable basis that satisfy the boundary conditions is 
where 
Using the recursion relation of the Laguerre polynomial and its orthogonality along with
Therefore, the symmetric three-term recursion relation (9) becomes
Comparing this to the three-term recursion relation of the normalized version of the MeixnerPollaczek polynomial ( , ) 
The normalized version of the Meixner-Pollaczek polynomial is written in terms of the hypergeometric function as given by Eq. (D1) in Appendix D of Ref. [31] . Thus, the scattering wave function (6a) is written as 
which is the well-known scattering phase shift for the Coulomb problem.
IV. TRA SOLUTION FOR A NON-CONVENSIONAL POTENTIAL FUNCTION
Now, we give an example that illustrates how the TRA could be used to solve a problem that is not exactly solvable using the conventional methods. One of the first problems that an undergraduate student is quantum mechanics is asked to solve is the infinite square potential well.
Here, we add a twist on this problem and look for its solution when the bottom of the well is not flat but rather sinusoidal. Specifically, we want to solve the problem with the following potential function
Since the system is totally confined in space, then it should be obvious that it has an infinite number of discrete energy bound states   
  . Using these facts, the analysis in Appendix A shows that a proper choice of a complete set of square integrable basis that satisfies the boundary conditions is
where ( ) n U y is the Chebyshev polynomial of the second kind and  is a real positive dimensionless parameter. Using the second order differential equation for ( ) n U y , we obtain the following action of the wave operator on this basis ( 1)
Note that ( ) 
Using the recursion relation of ( ) n U y and its orthogonality, we obtain the following symmetric three-term recursion relation (9)
It should be obvious that the infinite square potential well with flat bottom (where 0   ) is a special case of (27) that results in a diagonal representation giving the well-known energy spectrum directly as   [32, 33] despite the fact that this polynomial could be written explicitly to any desired degree (albeit not in closed form) using its recursion relation and initial value
Had the analytic properties of this polynomial been known, we would have easily and directly obtained the physical properties of the present system (e.g., the energy spectrum). Consequently, we are forced to resort to numerical means. In Table 2 , we give the lowest part of the energy spectrum (in units of 2 1 2  ) calculated for a chosen set of values of the potential parameter . Note that for 0   we obtain the well-known result and for 0   the higher excited states do not feel the sinusoidal structure at the bottom of the well. In Figure  1 , we plot the lowest un-normalized bound-state wavefunctions corresponding to the column 5   of Table 2 . These were calculated using Eq. (28) where the sum converges quickly for the first 7-8 terms.
In Appendix B, we use the second mode of application of the TRA to find the class of all potential functions associated with the physical configuration of the infinite square well and show that the potential well with sinusoidal bottom treated above is only a special case of a larger class (the generalized trigonometric Scarf potential).
V. TRA SOLUTION FOR A SYSTEM WITH MIXED SPECTRUM
In this section, we use the TRA to obtain the exact solution of the Schrödinger equation for a system with mixed spectrum consisting of discrete energy bound states and continuous energy scattering states. We give the condition(s) for the existence of bound states and use the properties of the associated orthogonal energy polynomials to write down analytic expressions for the bound states energy spectrum and the scattering states phase shift. As an illustration, we choose the one-dimensional Morse potential 
Using the recursion relation of the Laguerre polynomial, its orthogonality and that ( ) 
where ( 1) 
The first case is valid for negative energies, which corresponds to a spectrum consisting only of bound states. Therefore, we dismiss this case and consider case (33b) corresponding to the following two-parameter 1D Morse potential Appendix B of Ref. [15] , which has the same form as Eq. (11) 
VI. CONCLUSION
In summary, the Tridiagonal Representation Approach aims at utilizing the expansion of the wavefunction in a suitable square integrable basis set that transforms the usual Schrödinger equation into a three-term recursion relation for the expansion coefficients of the wavefunction. The recursion relation is then solved in terms of orthogonal polynomials, which are usually expressed as variants of the hypergeometric orthogonal polynomials (e.g., the MeixnerPollaczek, continuous dual Hahn, Wilson, Racah, etc.). However, in some cases that correspond to new classes of solvable potentials, the orthogonal polynomials associated with the resulting recursion relation do not belong to the known polynomials. Consequently, their weight functions, generating functions, zeros, etc. are yet to be derived analytically. Nonetheless, they are completely defined by their three-term recursion relations and initial seed values. Consequently, in the absence of a closed-form solution of the recursion relation, we choose to use the term "algebraic" to describe the solutions obtained for this larger class of problems. However, these are exact solutions in the sense that all objects needed to calculate the sought after physical quantities in the problem (e.g., the energy spectrum, phase shift, wavefunction, density of states, etc.) are known and given to all orders. The accuracy in the values obtained for such quantities is limited only by the computing machine accuracy; no physical approximations are involved.
Using the TRA we have been able to obtain exact solutions of the Schrödinger equation by requiring a tridiagonal representation of the corresponding wave operator. As such, we were able to generate a larger class of regular solutions of the original Schrödinger equation. The advantage of the TRA is that the total energy spectrum of the problem both continuous and discrete are contained in a single associated energy polynomial. The approach is limited by the types of mapping of configuration space with coordinate x into y(x) that restricts the y-physical domain to be either infinite, semi-infinite or finite to enable us to use the appropriate classical orthogonal polynomials in the choice of bases as shown in Appendix A. Nonetheless, all known classes of exactly solvable potentials fall within the range of application of our approach.
To illustrate the TRA in its two modes of application, we considered scattering in the familiar Coulomb problem, which has a continuous energy spectrum where we derived the scattering phase shift. Then we presented an example of the infinite potential well with sinusoidal bottom, which is a confined system with only discrete energy spectrum and is exactly solvable only by using the TRA. Then in Appendix B, we showed that this potential well is only an element in a larger class of potentials represented by a three-parameter generalized trigonometric Scarf potential. Finally, using the unique features of orthogonal polynomials with mixed spectrum we presented, as an illustrative example, the two-parameter 1D Morse potential that supports both discrete energy bound states as well as continuous energy scattering states. 
where   
where ( ) x  is a positive definite entire function. This allows us to define the conjugate basis 
where y dy dx   . Thus, the weight function W(y) associated with the configuration space
In most cases, the requirements of square integrability of the basis and the fact that it carries a tridiagonal matrix representation for the wave operator dictate that   
APPENDIX B: TRA SOLUTION FOR A NEW CLASS OF POTENTIAL FUNCTIONS
In this Appendix, we use the second mode of application of the TRA to find the class of all potential functions corresponding to the physical configuration of Section IV and show that the potential well with sinusoidal bottom treated therein is only a special case of a larger class. 
The analysis in the Appendix shows that the most general complete basis set appropriate for this problem has the following elements ( , ) ( )
is the Jacobi polynomial and the normalization constant is chosen as n A  Table 1 : The orthogonal polynomial(s) representing the physical system as a function of the type of its energy spectrum with examples. Note the matching of the spectra of the physical system and that of its corresponding orthogonal polynomial except when the physical system has a mix of a continuous and an infinite discrete energy spectra then it is required to have two polynomials to represent the system: a continuous one and a discrete one with infinite spectrum. Table 2 . These were calculated using Eq. (28) with the sum converging quickly for the first 7-8 terms. The x-axis is in units of L (the width of the well). 
